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The FucCik Spectrum

(L) :={(o, 8) € R*: Lu=au’ — Bu~ has a nontrivial solution }
upt (2, t) + vgppee (x, t) + bu+(m, t) = h(x,t) on (0,7) X R,

w(0,4) = u (m,t) = uge (0,t) = ugy (m,t) = 0 ONE,
u(z,t) = u(z, t +T) on (0,7) X R.

Flagstaff, May 23 — 26 3/19



The Fucik Spectrum

The FucCik Spectrum

(L) :={(o, 8) € R*: Lu=au’ — Bu~ has a nontrivial solution }

Uit (2, t) + Ugzen (2, t) + but(2,8) = h(z,t) on (0,7) x R,
w(0,1) = u (7, t) = ugg (0,t) = uge (7,t) = 0 ONR,
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The FucCik Spectrum

(L) :={(o, 8) € R*: Lu=au’ — Bu~ has a nontrivial solution }

Uit (2, t) + Uzzon (2, ) + but (2, 8) = h(z,t)

w(0,8) = u (7, ) = uga (0,8) = ugg (m,¢) = 0 oNR,
u(z,t) = u(z,t + T)

on (0,7) X R,

on (0,7) X R.
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The FucCik Spectrum

(L) :={(o, 8) € R*: Lu=au’ — Bu~ has a nontrivial solution }

w(0,4) = u (m, ) = ugg (0, ) = ugg (x,¢) = 0 ONR,

{ wgt (2, ) + Ugzaa (@, t) + buT (z,t) = h(z, t)

u(z,t) = u(z, t +T)
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The FucCik Spectrum

(L) :={(o, 8) € R*: Lu=au’ — Bu~ has a nontrivial solution }
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The FucCik Spectrum

(L) :={(o, 8) € R*: Lu=au’ — Bu~ has a nontrivial solution }
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w(0,4) = u (m, ) = ugg (0, ) = ugg (x,¢) = 0 ONR,

{ wgt (2, ) + Ugzaa (@, t) + buT (z,t) = h(z, t)

u(z,t) = u(z, t +T)

E(Lbeam)

[0}
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Ap,p = (27/T)212 — k4,

1,0 | A1,1 A1,2

k€N, leNg,

21,3 A1,4

A2.0 | A2;1 A2

= | 23,0 | Az,1 Az2

Ad,0 | A1 A2

A2,3 A2
A3,3  Az4

A4,3 A4

» inadmissible areas
» known branches
» local & global existence

(Ben-Naoum , Fabry and Smets)
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The FucCik Spectrum
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The FucCik Spectrum

(L) :={(o, 8) € R*: Lu=au’ — Bu~ has a nontrivial solution }

w(0,4) = u (m, ) = ugg (0, ) = ugg (x,¢) = 0 ONR,

{ wgt (2, ) + Ugzas (@, t) + buT (z,t) = h(z,t) on (0,7) X R,
u(z,t) = u(z, t +T) on (0,7) X R.

E(Lbeam)

» numerical experiments
continuation method
shooting method
intersections of branches
different behaviour

» goals

> design stable algorithm
> locate asymptotes of branches

vV VY VYyYy

[0}
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Variational Approach
Lu=oau™ — Bu~ (ul — L)~ 'v = A(v + m|v]|)

{v=(uI—L>u,

B-a 2u—a—3
m=—— A= —————.
B+ a—2u 2(p —a)(p—B)
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1 1
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Variational Approach

Lu=aut — Bu~

u=(ul — L) v,
_ 1 5= 1
CTET XA m) TN —m

F(v)

W)= gy

F(v) = %'/Q(/J,I—L)_l’U"UdCE,

1
G(v) = 5/91;2 + m|v|vdz,

max J(v).

min J(v),

(1l — L)~'0 = A(v + mlo])

{v=(uI—L)u,
B-a 2u—a—p
m=———— A=
B+a—2u

S 2(u—a)(u-p)

-3 2 - 0 1 2 3
m
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Variational Approach

Lu=au™ — Bu~ (ul — L)~ 'v = A(v + m|v]|)
w=(puI — L) o, v=(ul — L)u,
N N S S _ _Bma o oo fB
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:

The Fucik Spectrum for Multi-Point Boundary Value Problems Flagstaff, May 23 — 26 5/19



The Fucik Spectrum

Variational Approach

Lu=aut — Bu~

u=(ul — L) "o,
1 1

YT ST my) PR NaTmy

The Fucik Spectrum for Multi-Point Boundary Value Problems

www.KMA.zcu.cz

(1l — L)~'0 = A(v + mlo])

_ 2u—a—0
2(u— o) —B)’

2 3
m

Flagstaff, May 23 — 26 5/19



The Fucik Spectrum

Variational Approach

Lu = out — Bu~

u=(ul — L) "o,
1 1

TR X0 m)

The Fucik Spectrum for Multi-Point Boundary Value Problems

www.KMA.zcu.cz

(1l — L)~'0 = A(v + mlo])

’U:([LI—L)U,
L _B-a _ m-a-p
CB+a-2u" T 2qu—a)(p—p)
AS
———

b

Flagstaff, May 23 — 26

5/19



The Fucik Spectrum

Variational Approach

Lu = out — Bu~

1 5 1
a=p— , =p— .
B XA +m) FoXa—m)
16
514 w=2
12
10
m = 0.4
8
6
B
2 \\
/
0 2 4 6 8 10 12 14 16
o

The Fucik Spectrum for Multi-Point Boundary Value Problems

www.KMA.zcu.cz

(1l — L)~'0 = A(v + mlo])

v= (/LI—L)U,
B-a 2u—a—3
m = s =
B+a—2u 2(p — a)(p — B)
J|
A 3
Al
Bl
1 0.5 0 0‘5 1 15 2
m

Flagstaff, May 23 -26  5/19



The Fucik Spectrum www.KMA.zcu.cz

Outline

The Fugik Spectrum

m Variational Approach — Once Again

The Fucik Spectrum for Multi-Point Boundary Value Problems Flagstaff, May 23 — 26 6/19



The Fucik Spectrum www.KMA.zcu.cz

Variational Approach - Revision
Lu=aut — Bu~

The Fucik Spectrum for Multi-Point Boundary Value Problems Flagstaff, May 23 — 26 7119



The Fucik Spectrum www.KMA.zcu.cz

Variational Approach - Revision
Lu=aut — Bu~
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Variational Approach - Revision
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Variational Approach - Revision
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Variational Approach - Revision
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Example

Multi-Point Selfadjoint Operator

I
2
= [
&

x € (0,6) U(&n) U (n,m),

_ _ _ TR (1)
u(0) = u(§) = u(n) = u(r) =u'(7) =0, 0<é<y<m.

uV(z) = aut(z
{ u'(0) =
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Example

Multi-Point Selfadjoint Operator

{ u (@) = au®(2) = Bu” (x), x € (0,6) U (&m) U (n,m),
' (0) = u(0) = u(€) = u(n) = u(r) =u'(x) =0, 0<e<n<m.
Definition

Let us define a weak solution as

{ u €V,
(W’ ,v") = (aut(z) — Bu~ (2),v) VveEV,

where
(w,v) = [Ju(z)v(z)dz,

{veW?*(0,7) :v(€) =v(n) =0}, O0<éE<n<m

<
I

Lemma
If u is a weak solution of (2) then w is the classical solution of (1). Moreover,

(076)7
ue C%([0,7])  and  uly € C*(a,b) for (a,b) =< (€,7),

(n,m).

Flagstaff, May 23 — 26
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Multi-Point Selfadjoint Operator

z € (0,§) U(&,n) U (n, ),

, , @)
(0) = u(0) = u(€) = u(n) = u(w) = u'(x) = 0, 0<t<n<m.

eigenfunctions the Fucik eigenfunctions

=T ~A =

A~ 2\ AN

E5 M P5 M

~ 4Pl L . L
-20 0 20 40 60 80 100
(0%

The Fucik Spectrum for Multi-Point Boundary Value Problems Flagstaff, May 23 — 26 9/19



. TheFuskSpestrum  www KMAzcu.cz
Outline

Introduction

Variational Approach — First Step
Variational Approach — Once Again

Model of a Suspension Bridge with Two Towers
The Fucik Spectrum

m Non-Selfadjoint Operators

«0O0>» «F» «E)» « 3 Q>
The Fucik Spectrum for Multi-Point Boundary Value Problems _



The Fucik Spectrum

4-Point Non-Selfadjoint Operator ”lDN ,,,,,,,,,,,,
{ —u(z) = aut(z) — Bu~ (), = €[0,7], @ " i
ul(o) = u/(f), u(n) =u(m), £€(0,7], nel0,m). 1 D p
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4-Point Non-Selfadjoint Operator ,rlD';qﬁi
{ —u(z) = aut(z) — Bu~ (), = €[0,7], 3) n %
ul(o) = u/(f), u(ﬁ) = u(ﬂ—)v S (077(]’ ne [Ovﬂ—)' 1 D p
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4-Point Non-Selfadjoint Operator =€

EDN
{ —u"(z) = aut(z) — fu”(z), € [0,7], 3) 77
’LL(O) :u(g)’ U(U)ZU(W)7 g€ (0771-]’ ne [Ovﬂ-)' ED p
DN a=0=A P
LY ,)\ .

0 I3 T
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4-Point Non-Selfadjoint Operator

{-ﬂ%@=auW@—ﬂU(@,x€D,
u'(0) =€), u(n) =wu(r), £€(0

www.KMA.zcu.cz

7,

w], n€0,n).

©)

/

DN a=p=2A\

/X

0

The Fucik Spectrum for Multi-Point Boundary Value Problems
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4-Point Non-Selfadjoint Operator

DN
{ —u(z) = aut(z) — Bu~ (), = €[0,7], @ " ?

u(O) :u(E)’ u(n):u(w), g€ (Ovﬂ]v ne [Ovﬂ—)' iD p
Definition o — : ; '
Let us define the operators v Y ;

[P LPn: y ]
Lu:= Ly = L .= [Py := [Py := —u” | } } } } |
0 £ 13 n n+mn s
for ¢ € (0, 7] and n € [0, ) by 2 2
D(L):={ue C*([0,n]): ' (0) =€), wu(n)=ulr) },

D (L) ={ue C*([0,n]): «'(0)=w'(§), wu(0)=wu() },

D (L) :={ue C*([0,n]) : u'(n) =u/(m), u(n) =u(r) },

D (L™) :={ue C*([0,7]): u(5) =0, o (EE) =0 1},

D(L%®):={ue C*([0,n]): w/'(0)=w'(§), u (H*)=0, w(0)u(§) <0}

Flagstaff, May 23 — 26 11/19
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4-Point Non-Selfadjoint Operator

L , : . . , .
3p*® : : :
5 S— a
PE - : ' P -
g —
0 £ 13 n ntm
2 2
VB

> (L) = o(LP®) Uo(LP") Uo(L™),
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4-Point Non-Selfadjoint Operator ﬂl
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4-Point Non-Selfadjoint Operator ”lDN ,,,,,,,,,,,,
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> (L) = o(LP®) Uo(LP") Uo(L™),
277

> S(L) = S(LP)US(LP) U S(L™),

> o(L*®) = o(L™),
> S(LP) =S(IP) forn=m —&.
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4-Point Non-Selfadjoint Operator
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Non-Selfadjoint Operator L3P
OO M

0 n

ok
=
+
3
o~
3

Proposition

The Fuéik spectrum of the operator L*® is given by

CSP = nga \/a
3p
L ZU c where Cf" = U (Cipfr uCi{’f), leN,
€Np k€ENg

and where we define for k,1 € Ny
e = {(a,8) e SEN S (B,a) € CRF
T — By (e, B)  for k even
c¥t . , €SP NS, 2m ’ ) 7
Rl {(a f) € Sins { T fy(B,0)  for k odd,

_ & B l—k I+k+1
Fii(, B) ._ﬂ\/a+\/ﬁ+2\/&+ NI
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Non-Selfadjoint Operator L°? n=m—¢

40

30

20

=] = D«
The Fucik Spectrum for Multi-Point Boundary Value Problems Flagstaff, May 23 — 26 13/19

it
€




Non-Selfadjoint Operator L3P

The Fucik Spectrum

www.KMA.zcu.cz

The Fucik Spectrum for Multi-Point Boundary Value Problems

Flagstaff, May 23 — 26

13/19



The Fucik Spectrum www.KMA.zcu.cz

Conclusion

{ —u"(z) = aut(z) — Bu (x), =z €[0,7],

W) = (@), ulm)=u(m), €O, nem. O

Lemma

The FucCik spectrum of the four-point
problem (3) is given by

Y (L) =S(LF) us(L) us(L®).

Remark

The Fucik spectrum of the
Dirichlet-Neumann operator 3(L"™)
determines the intersection of %(L¢)
and $(L%),

(L) N (L) c S(L™).
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The Operator L and the Adjoint Operator L*
Definition
Let us define L : dom(L) C W22(0,7) — L2(0,7) : u s —u”,

dom(L) := {u € AC(0,m): ' € AC(0,7), v’ € L*(0, ),
w'(0) =/ (§), uln) = u(m)},

and L* : dom(L*) C L?(0,7) — W™22(0,7) : u — —u”,

dom(L*) := {v € L*(0,7) : v, v’ are absolutely continuous on (0,7), (n,£), (¢, ),

v(ét) = U(H —v(0), v'(&+) =v"(&-),
v(n+) = v(n-), o' (n+) =0 (n—) +v'(m)}.
(a,8)=(18.49,177.69) (o, 8)=(69.39,14.29) (a,8)=(23.52,5.38)
v N v v
R \V N/
0 n 3 ™0 n 13 ™0 n §
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Solvability { W"() + aut (z) — Bu(z) = f(z), € (0,7), @
UI(O) = u’(f), U(77) = u(ﬂ—)v 57 ne (Ovﬂ_)'
Definition VB

Region of type T is a continuous component
R' ¢ R?\ (L) such that

I\ € RU: N o(L).

Region of type 11 is a continuous component
R™ c R?\ (L) such that

Y(\,\) € RI: )\ e o(L). Ja
Theorem

1. Let (a,B8) € R', where R' is a region of type 1.
Then the problem (4) has a solution for every f = f(z) € L*(0, ).

2. Let (a, 8) € R", where R™ is a region of type 1.
Then there exists a function f = f(z) € L*(0,n) such that the problem (4) has
no solution.
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The Fucik Spectrum of L* - Numerical Experiment

Va
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The Fucik Spectrum of L* - Numerical Experiment
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Connection between the Fucik Spectra of L and L*
(L") S(L)

Ja
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Connection between the Fucik Spectra of L and L*
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Connection between the Fucik Spectra of L and L*
(L)
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Connection between the Fucik Spectra of L and L*

Va
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