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The Fučík Spectrum for Multi-Point Boundary Value Problems Flagstaff, May 23 – 26 2 / 19
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The Fučík Spectrum

Σ(L) :=
{
(α, β) ∈ R2 : Lu = αu+ − βu− has a nontrivial solution

}
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λk,l = (2π/T )2l2 − k4, k ∈ N, l ∈ N0,

Λ :=



λ1,0 λ1,1 λ1,2 λ1,3 λ1,4 . . .

λ2,0 λ2,1 λ2,2 λ2,3 λ2,4 . . .

λ3,0 λ3,1 λ3,2 λ3,3 λ3,4
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...
...

. . .


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The Fučík Spectrum for Multi-Point Boundary Value Problems Flagstaff, May 23 – 26 3 / 19



The Fučík Spectrum www.KMA.zcu.cz
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The Fučík Spectrum

Σ(L) :=
{
(α, β) ∈ R2 : Lu = αu+ − βu− has a nontrivial solution

}

Σ(Lbeam)

α

β T = π


utt(x, t) + uxxxx(x, t) + bu+(x, t) = h(x, t) on (0, π)× R,

u (0, t) = u (π, t) = uxx (0, t) = uxx (π, t) = 0 on R,

u(x, t) = u(x, t + T ) on (0, π)× R.

I numerical experiments
I continuation method
I shooting method
I intersections of branches
I different behaviour
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Variational Approach

Lu = αu+ − βu−

{
u = (µI − L)−1v,

α = µ −
1

λ(1 + m)
, β = µ −

1

λ(1 − m)
.

(µI − L)−1v = λ(v + m|v|){
v = (µI − L)u,

m =
β − α

β + α − 2µ
, λ =

2µ − α − β

2(µ − α)(µ − β)
.
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Variational Approach - Revision
Lu = αu+ − βu−

{
u = (µI − L)−1v,

α = µ −
1−δλ̃

λ̃(1 + m)
, β = µ −

1−δλ̃

λ̃(1− m)
.

((µ+δ)I − L)−1v =

λ̃(v + m(I−δ[(µ + δ)I − L]−1)|v|){
v = (µI − L)u, m =

β − α

β + α − 2µ
,

λ̃ =
2µ − α − β

2(µ − α)(µ − β)+δ(2µ − α − β)
.
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The Fučík Spectrum for Multi-Point Boundary Value Problems Flagstaff, May 23 – 26 7 / 19
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F (v)
G(v)
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F (v) =
1

2

∫
Ω

((µ+δ)I − L)−1v · v dx,

G(v) =
1

2

∫
Ω
v2+ m(I−δ[(µ + δ)I − L]−1)|v|v dx,

min
v

J(v), max
v

J(v).
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3 The Fučík Spectrum
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Multi-Point Selfadjoint Operator{
uIV(x) = αu+(x)− βu−(x), x ∈ (0, ξ) ∪ (ξ, η) ∪ (η, π),

u′(0) = u(0) = u(ξ) = u(η) = u(π) = u′(π) = 0, 0 < ξ < η < π.
(1)

η

ξ

π

x

u

u(x)

α

β
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Multi-Point Selfadjoint Operator{
uIV(x) = αu+(x)− βu−(x), x ∈ (0, ξ) ∪ (ξ, η) ∪ (η, π),

u′(0) = u(0) = u(ξ) = u(η) = u(π) = u′(π) = 0, 0 < ξ < η < π.
(1)

Definition

Let us define a weak solution as{
u ∈ V,

(u′′, v′′) = (αu+(x)− βu−(x), v) ∀ v ∈ V,
(2)

where
(u, v) :=

∫ π

0
u(x)v(x) dx,

V :=
{
v ∈ W 2,2

0 (0, π) : v(ξ) = v(η) = 0
}

, 0 < ξ < η < π.

Lemma

If u is a weak solution of (2) then u is the classical solution of (1). Moreover,

u ∈ C2([0, π]) and u|(a,b) ∈ C4(a, b) for (a, b) =


(0, ξ),
(ξ, η),
(η, π).
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Multi-Point Selfadjoint Operator{
uIV(x) = αu+(x)− βu−(x), x ∈ (0, ξ) ∪ (ξ, η) ∪ (η, π),

u′(0) = u(0) = u(ξ) = u(η) = u(π) = u′(π) = 0, 0 < ξ < η < π.
(1)

α

β

eigenfunctions the Fučík eigenfunctions
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Introduction
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4-Point Non-Selfadjoint Operator
{

−u′′(x) = αu+(x)− βu−(x), x ∈ [0, π],

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π], η ∈ [0, π).
(3)

ξ

η

0 π

π

PD

DN N
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ξ

η = π − ξ

η

0 π

π

PD

DN N
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4-Point Non-Selfadjoint Operator
{

−u′′(x) = αu+(x)− βu−(x), x ∈ [0, π],

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π], η ∈ [0, π).
(3)

ξ

η = π − ξ

η

0 π

π

PD

DN N

0 πξ

λ λ

α = β = λDN P
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4-Point Non-Selfadjoint Operator
{

−u′′(x) = αu+(x)− βu−(x), x ∈ [0, π],

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π], η ∈ [0, π).
(3)

ξ

η = π − ξ

η

0 π

π

PD

DN N

0 πξ

λ λ

α = β = λDN P

= 2π/3
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4-Point Non-Selfadjoint Operator
{

−u′′(x) = αu+(x)− βu−(x), x ∈ [0, π],

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π], η ∈ [0, π).
(3)

ξ

η

0 π

π

PD

DN N

Definition

Let us define the operators

Lu := LPξu := LPη := LDNu := L3pu := −u′′

for ξ ∈ (0, π] and η ∈ [0, π) by

LPξ LPη

L3p

LDN

L

0 ξ
2

ξ η η+π
2

π

D (L) := {u ∈ C2([0, π]) : u′(0) = u′(ξ), u(η) = u(π) },

D
(
LPξ

)
:= {u ∈ C2([0, π]) : u′(0) = u′(ξ), u(0) = u(ξ) },

D
(
LPη

)
:= {u ∈ C2([0, π]) : u′(η) = u′(π), u(η) = u(π) },

D
(
LDN

)
:= {u ∈ C2([0, π]) : u

(
ξ
2

)
= 0, u′

(
η+π

2

)
= 0 },

D
(
L3p

)
:= {u ∈ C2([0, π]) : u′(0) = u′(ξ), u′

(
η+π

2

)
= 0, u(0)u(ξ) ≤ 0}.
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4-Point Non-Selfadjoint Operator

LPξ LPη

L3p

LDN

L

0 ξ
2

ξ η η+π
2

π ξ

η

0 π

π

PD

DN N

I σ(L) = σ(LPξ) ∪ σ(LPη) ∪ σ(LDN),

I Σ(L)
???
= Σ(LPξ) ∪ Σ(LPη) ∪ Σ(LDN),

I σ(L3p) = σ(LDN),

I Σ(LPξ) = Σ(LPη) for η = π − ξ.

√
α

√
β
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The Fučík Spectrum www.KMA.zcu.cz

4-Point Non-Selfadjoint Operator

LPξ LPη

L3p

LDN

L

0 ξ
2

ξ η η+π
2

π ξ

η

0 π

π

PD

DN N

I σ(L) = σ(LPξ) ∪ σ(LPη) ∪ σ(LDN),

I Σ(L)
???
= Σ(LPξ) ∪ Σ(LPη) ∪ Σ(LDN),

I σ(L3p) = σ(LDN),

I Σ(LPξ) = Σ(LPη) for η = π − ξ.

√
α

√
β
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π ξ
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Non-Selfadjoint Operator L3p

0 ξ
2

ξη η+π
2

π

Proposition

The Fučík spectrum of the operator L3p is given by

Σ
(
L3p

)
=

⋃
l∈N0

C3pl , where

 C3p0 := CPξ0 ,

C3pl :=
⋃

k∈N0

(
C3p+k,l ∪ C3p−k,l

)
, l ∈ N,

and where we define for k, l ∈ N0

C3p−k,l :=
{

(α, β) ∈ SP
k ∩ SDN

l : (β, α) ∈ C3p+k,l

}
,

C3p+k,l :=

{
(α, β) ∈ SP

k ∩ SDN
l :

{
η+π
2π

= Fk,l(α, β) for k even,
η+π
2π

= Fk,l(β, α) for k odd,

}
,

Fk,l(α, β) :=
ξ

π

√
β√

α +
√

β
+

l − k

2
√

α
+

l + k + 1

2
√

β
.

√
β

√
α
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Non-Selfadjoint Operator L3p

ξ

η = π − ξ

η

0 π

π

PD

DN N

√
α

√
β
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Non-Selfadjoint Operator L3p

ξ

η = π − ξ

η

0 π

π

PD

DN N

√
α

√
β
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Non-Selfadjoint Operator L3p

ξ

η = π − ξ

η

0 π

π

PD

DN N

√
β

√
α
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Conclusion{
−u′′(x) = αu+(x)− βu−(x), x ∈ [0, π],

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π], η ∈ [0, π).
(3)

ξ

η

0 π

π

�
PD

DN N

√
α

√
β

Lemma

The Fučík spectrum of the four-point
problem (3) is given by

Σ (L) = Σ
(
LPξ) ∪ Σ

(
LPη)

∪ Σ
(
L3p

)
.

Remark

The Fučík spectrum of the
Dirichlet–Neumann operator Σ(LDN)
determines the intersection of Σ(LPξ)
and Σ(L3p),

Σ
(
LPξ) ∩ Σ

(
L3p

)
⊂ Σ

(
LDN

)
.
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The Operator L and the Adjoint Operator L∗

Definition

Let us define L : dom(L) ⊂ W 2,2(0, π) → L2(0, π) : u 7→ −u′′,

dom(L) := {u ∈ AC(0, π) : u′ ∈ AC(0, π), u′′ ∈ L2(0, π),

u′(0) = u′(ξ), u(η) = u(π)} ,

and L∗ : dom(L∗) ⊂ L2(0, π) → W−2,2(0, π) : u 7→ −u′′,

dom(L∗) := {v ∈ L2(0, π) : v, v′ are absolutely continuous on (0, η), (η, ξ), (ξ, π),

v′(0) = 0, v(π) = 0,
v(ξ+) = v(ξ−)− v(0), v′(ξ+) = v′(ξ−),
v(η+) = v(η−), v′(η+) = v′(η−) + v′(π)}.

0 ξη π

v

(α,β)=(18.49,177.69)

0 ξη π

v

(α,β)=(69.39,14.29)

0 ξη π

v

(α,β)=(23.52,5.38)
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Solvability {
u′′(x) + αu+(x)− βu−(x) = f(x), x ∈ (0, π),

u′(0) = u′(ξ), u(η) = u(π), ξ, η ∈ (0, π).
(4)

Definition

Region of type I is a continuous component
RI ⊂ R2 \ Σ(L) such that

∃(λ, λ) ∈ RI : λ 6∈ σ(L).

Region of type II is a continuous component
RII ⊂ R2 \ Σ(L) such that

∀(λ, λ) ∈ RII : λ ∈ σ(L). √
α

√
β

Theorem

1. Let (α, β) ∈ RI, where RI is a region of type I.
Then the problem (4) has a solution for every f = f(x) ∈ L2(0, π).

2. Let (α, β) ∈ RII, where RII is a region of type II.
Then there exists a function f = f(x) ∈ L2(0, π) such that the problem (4) has
no solution.
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The Fučík Spectrum of L∗ - Numerical Experiment

√
β

√
α

Σ(L∗) Σ(L∗)
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The Fučík Spectrum of L∗ - Numerical Experiment

√
β

√
α
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Connection between the Fučík Spectra of L and L∗

√
β

√
α

Σ(L∗) Σ(L)
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Connection between the Fučík Spectra of L and L∗

√
β

√
α
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