
www.KMA.zcu.cz
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The Fučík Spectrum
Σ(L) :=

{
(α, β) ∈ R2 : Lu = αu+ − βu− has a nontrivial solution

}
,

where
u+ := max{u, 0}, u− := max{−u, 0}.

I Let L : dom(L) ⊂ L2(Ω) → L2(Ω) is a self-adjoint operator, let Ω ⊂ RN is open
and bounded.

I

Lu =
α + β

2
u +

α− β

2
|u|

I

Lu = (λ + εη)u + ε|u|

I Let λ ∈ σd(L) = σ(L). For ε 6= 0, we have{
u = Pu + ε(L− λI)−1 [(I − P )(|u|+ ηu)] + P (|u|+ ηu),

‖u‖2 = 1.
(1)
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The Local Existence of Σ(L) Close to the Diagonal
Definition

Let us define the functional P : dom(P) ⊂ L2(Ω) → R

dom(P) := ker(L− λI), P(z) := 〈|z|, z〉 .

Theorem (Ben-Naoum, Fabry and Smets)

Let λ ∈ σd(L). Assume that u 6= 0 a.e. in Ω for all u ∈ ker(L− λI) \ {0} and that the
functional P, restricted to the unit sphere, has a stationary point z0. Moreover, let us
assume that the following nondegeneracy condition is satisfied at this stationary point
z0

y ∈ ker(L− λI), 〈z0, y〉 = 0, P (sgn(z0)y) = 〈|z0|, z0〉 y ⇒ y = 0. (ND1)

Then, there exists a neighborhood U(0) ⊂ R of 0 and two continuous mappings
η : U(0) → R and u : U(0) → dom(L) ⊂ L2(Ω) such that

u(0) = z0,

η(0) = −〈|z0|, z0〉 ,

Lu(ε) = ε|u(ε)|+ (λ + εη(ε))u(ε), ‖u(ε)‖ = 1 for ε ∈ U(0).

For dim ker(L− λI) ≥ 2, (ND1) can be replaced by

∃V(z0) ⊂ S such that

{
max {P(z) : z ∈ V(z0)} = P(z0), P(z) < P(z0) ∀z ∈ ∂ V(z0),

min {P(z) : z ∈ V(z0)} = P(z0), P(z) > P(z0) ∀z ∈ ∂ V(z0),
(ND1’)

where S is a unit sphere in ker(L− λI).

the slope of the tangent line

β′(λ) =
P(z0) + 1

P(z0)− 1
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The Existence of Σ(L) Away from the Diagonal

Theorem (Ben-Naoum, Fabry and Smets)

Let E ⊂ R and u0, α0 6= β0 be such that (α0, β0) ∈ (E × E) ∩ Σ(L),
Lu0 = α0u

+
0 − β0u

−
0 , ‖u0‖ = 1. Moreover, let

I the equation Lu = λu has no solution of a constant sign for λ ∈ E,

I the nondegeneracy condition (ND2) holds for (α, β) = (α0, β0),

I dom(L) ⊂ Lp(Ω) for some p > 2 and the injection is continuous when dom(L) is
equipped with the graph norm.

Then, there exist neighborhoods A(α0) ⊂ R, B(β0) ⊂ R, U(u0) ⊂ dom(L) and
continuous mappings β = β(α) : A(α0) → B(β0), and u = u(α) : A(α0) → U(u0)
such that

I β(α0) = β0 and u(α0) = u0,

I Lu(α) = αu+(α)− β(α)u−(α) with ‖u(α)‖ = 1 for α ∈ A(α0),

I Lu = αu+ − βu− with ‖u‖ = 1 and u ∈ U(u0), α ∈ A(α0), β ∈ B(β0) ⇒
u = u(α) and β = β(α).

Moreover, the function β = β(α) is differentiable at α0 and β′(α0) = −‖u
+
0 ‖2

‖u−0 ‖2 < 0.

Nondegeneracy Condition:

For any u 6= 0 verifying Lu = αu+ − βu−, we have

u 6= 0 a.e. on Ω and dim ker
[
L− (αχ{u>0} + βχ{u<0})I

]
= 1.

(ND2)
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Example 1{
uIV(x) + (m2 + n2)u′′(x) = αu+(x)− βu−(x), x ∈ (0, π),

u(0) = u′′(0) = u(π) = u′′(π) = 0.
(2)
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(2)

α = β = −m2n2, m = 5, n = 9,

zϑ(x) := ϕ1(x) cosϑ+ ϕ2(x) sinϑ,

ϑ ∈ [0, 2π).

P(zϑ)

ϑ0 2π
−0.55

0

0.55

α

β
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Example 2
−(utt(x, t)− uxx(x, t)) = αu+(x, t)− βu−(x, t), (x, t) ∈ (0, π)× R,
u (0, t) = u (π, t) = 0, t ∈ R,
u(x, t) = u(x, t+ T ), (x, t) ∈ (0, π)× R,

(3)

α

β

T = π
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Verification of Explored Fučík Curves

I E ⊂ R, E ∩ σ(L) = {λ1, . . . , λp}
I Z := ⊕pi=1 ker(L− λiI)

I P – orthogonal projection onto Z

Lemma

Let (α, β) ∈ E × E, α 6= β.
(α, β) ∈ Σ(L) ⇐⇒ ∃ u ∈ L2(Ω) such that Pu 6= 0 and that

〈|u|, ϕi〉 = 0 for 〈u, ϕi〉 = 0,

〈|u|, ϕi〉
〈u, ϕi〉

=
λi − α+β

2
α−β

2

for 〈u, ϕi〉 6= 0,


for every eigenfunction ϕi ∈ ker(L− λiI), i = 1, . . . , p.

α

β

T = π
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Four-Point BVP
{

−u′′(x) = αu+(x)− βu−(x), x ∈ (0, π),

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π), η ∈ (0, π).
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{

−u′′(x) = αu+(x)− βu−(x), x ∈ (0, π),

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π), η ∈ (0, π).
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Definition

Let us define the following operators

Lu := LPξu := LPηu := LDNu := L3pu := −u′′

for ξ, η ∈ (0, π) by

LPξ LPη

L3p

LDN

L

0 ξ
2

ξ η η+π
2

π

D (L) := {u ∈ C2([0, π]) : u′(0) = u′(ξ), u(η) = u(π) },

D
(
LPξ

)
:= {u ∈ C2([0, π]) : u′(0) = u′(ξ), u(0) = u(ξ) },

D
(
LPη

)
:= {u ∈ C2([0, π]) : u′(η) = u′(π), u(η) = u(π) },

D
(
LDN

)
:= {u ∈ C2([0, π]) : u

(
ξ
2

)
= 0, u′

(
η+π

2

)
= 0 },

D
(
L3p

)
:= {u ∈ C2([0, π]) : u′(0) = u′(ξ), u′

(
η+π

2

)
= 0, u(0)u(ξ) ≤ 0}.
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Four-Point BVP
{

−u′′(x) = αu+(x)− βu−(x), x ∈ (0, π),

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π), η ∈ (0, π).

(4)
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Remark

The spectra of LPξ, LPη and LDN are pure point discrete spectra made only of
the following real eigenvalues

λPξ
k :=

(
2kπ

ξ

)2

, λPη
m :=

(
2mπ

π − η

)2

and λDN
l :=

(
(2l + 1)π

π + η − ξ

)2

, k, l, m ∈ N0,

and
σ(L) = σ(LPξ) ∪ σ(LPη) ∪ σ(LDN).
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Four-Point BVP
{

−u′′(x) = αu+(x)− βu−(x), x ∈ (0, π),

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π), η ∈ (0, π).

(4)
ξ

η

0 π

π
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Remark

The spectra of LPξ, LPη and LDN are pure point discrete spectra made only of
the following real eigenvalues

λPξ
k :=

(
2kπ

ξ

)2

, λPη
m :=

(
2mπ

π − η

)2

and λDN
l :=

(
(2l + 1)π

π + η − ξ

)2

, k, l, m ∈ N0,

and
σ(L) = σ(LPξ) ∪ σ(LPη) ∪ σ(LDN).

I σ(L3p) = σ(LDN),

I σ(LPξ) = σ(LPη) for η = π − ξ.

The Fučík Spectrum Structure Hejnice, September 16 – 20 11 / 26



Non-Selfadjoint Operator for the Four-Point BVP www.KMA.zcu.cz

Four-Point BVP
{

−u′′(x) = αu+(x)− βu−(x), x ∈ (0, π),

u′(0) = u′(ξ), u(η) = u(π), ξ ∈ (0, π), η ∈ (0, π).

(4)
ξ

η = π − ξ

η

0 π

π

PD

DN N

0 πξ

λ λ

α = β = λDN P
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Construction of the Fučík Spectrum

LPξ LPη

L3p

LDN

L

0 ξ
2

ξ η η+π
2

π

I σ(L) = σ(LPξ) ∪ σ(LPη) ∪ σ(LDN),

I Σ(L)
???
= Σ(LPξ) ∪ Σ(LPη) ∪ Σ(LDN),

I Σ(LPξ) = Σ(LPη) for η = π − ξ.
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Construction of the Fučík Spectrum

LPξ LPη

L3p

LDN

L

0 ξ
2

ξ η η+π
2

π

I σ(L) = σ(LPξ) ∪ σ(LPη) ∪ σ(LDN),

I Σ(L)
???
= Σ(LPξ) ∪ Σ(LPη) ∪ Σ(LDN),

I Σ(LPξ) = Σ(LPη) for η = π − ξ.
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Construction of the Fučík Spectrum

Theorem

The Fučík spectrum of the four-point problem (4) is given by

Σ(L) = Σ(LPξ) ∪ Σ(LPη) ∪ Σ(L3p).
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Construction of the Fučík Spectrum

Theorem

The Fučík spectrum of the four-point problem (4) is given by

Σ(L) = Σ(LPξ) ∪ Σ(LPη) ∪ Σ(L3p).

Proof

I Σ(L) ⊂ Σ(LPξ) ∪ Σ(LPη) ∪ Σ(L3p)

I Σ(L) ⊃ Σ(LPξ) ∪ Σ(LPη) ∪ Σ(L3p)
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Construction of the Fučík Spectrum

Theorem

The Fučík spectrum of the four-point problem (4) is given by

Σ(L) = Σ(LPξ) ∪ Σ(LPη) ∪ Σ(L3p).

Proof

I Σ(L) ⊂ Σ(LPξ) ∪ Σ(LPη) ∪ Σ(L3p)

I Σ(L) ⊃ Σ(LPξ) ∪ Σ(LPη) ∪ Σ(L3p)

I Let α, β > 0 and u ∈ C2([0, π]) be the nontrivial solution of −u′′ = αu+ − βu−

on (0, π). Then the following statements hold (x1, x2 ∈ [0, π]):

I If u(x1) = u(x2) then u′(x1) = u′(x2) or u′(x1) = −u′(x2). (5)

I u(x1) = u(x2) and u′(x1) = −u′(x2) if and only if u′(x1+x2
2

) = 0. (6)

I If u′(x1) = u′(x2) and u(x1)u(x2) > 0 then u(x1) = u(x2). (7)

�
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Construction of Σ(L3p)

0 ξπ+η
2

π

x1x1x1 x2 x2 x2

Proposition

The Fučík spectrum of L3p on R+ × R+ is given by

Σ
(
L3p

)
=

⋃
l∈N0

C3pl , where C3pl :=
⋃
k∈N0

(
C3p+k,l ∪ C

3p−
k,l

)
, l ∈ N0,

and where we define for k, l ∈ N0

C3p−k,l :=
{

(α, β) ∈ SPξ
k ∩ SDN

l : (β, α) ∈ C3p+k,l

}
,

C3p+k,l :=

{
(α, β) ∈ SPξ

k ∩ SDN
l :

{
π+η
2π

= Fk,l(α, β) for k + l even
π+η
2π

= Fk,l(β, α) for k + l odd

}
,

Fk,l(α, β) :=
ξ

π

√
β√

α +
√

β
+

l − k

2
√

α
+

l + k + 1

2
√

β
.

√
β

√
α

C3pl =

kmaxl −1⋃
k=kmin

l

(
C3p+k,l ∪ C3p−k,l

)
, l ∈ N0,

where

kminl :=

⌊
lξ

π + η − ξ

⌋
and kmaxl :=

⌈
(l + 1)ξ

π + η − ξ

⌉
.
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Construction of Σ(L3p)
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Proposition

The Fučík spectrum of L3p on R+ × R+ is given by
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l∈N0

C3pl , where C3pl :=
⋃
k∈N0

(
C3p+k,l ∪ C

3p−
k,l

)
, l ∈ N0,

and where we define for k, l ∈ N0

C3p−k,l :=
{

(α, β) ∈ SPξ
k ∩ SDN

l : (β, α) ∈ C3p+k,l

}
,

C3p+k,l :=

{
(α, β) ∈ SPξ

k ∩ SDN
l :

{
π+η
2π

= Fk,l(α, β) for k + l even
π+η
2π

= Fk,l(β, α) for k + l odd

}
,

Fk,l(α, β) :=
ξ

π

√
β√

α +
√

β
+

l − k

2
√

α
+

l + k + 1

2
√

β
.

√
β

√
α

C3pl =

kmaxl −1⋃
k=kmin

l

(
C3p+k,l ∪ C3p−k,l

)
, l ∈ N0,

where

kminl :=

⌊
lξ

π + η − ξ

⌋
and kmaxl :=

⌈
(l + 1)ξ

π + η − ξ

⌉
.
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Qualitative Properties of Σ(L3p)
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Conclusion of the Construction
√
β

√
α
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Conclusion of the Construction

Remark

I Since σ(L3p) = σ(LDN) but Σ(L3p) 6= Σ(LDN), we conclude that

σ(L) = σ(LPξ) ∪ σ(LPη) ∪ σ(L3p) = σ(LPξ) ∪ σ(LPη) ∪ σ(LDN),

Σ(L) = Σ(LPξ) ∪ Σ(LPη) ∪ Σ(L3p) 6= Σ(LPξ) ∪ Σ(LPη) ∪ Σ(LDN).

I The Fučík spectrum Σ(LDN) determines the intersection of Σ(LPξ) and Σ(L3p):

Σ(L3p) ∩ Σ(LPξ) = Σ(LDN) ∩ Σ(LPξ) on R+ × R+.

√
β

√
α
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The Operator L and the Adjoint Operator L∗

Definition

Let us define L : dom(L) ⊂ W 2,2(0, π) → L2(0, π) : u 7→ −u′′,

dom(L) := {u ∈ AC(0, π) : u′ ∈ AC(0, π), u′′ ∈ L2(0, π),

u′(0) = u′(ξ), u(η) = u(π)} ,

and L∗ : dom(L∗) ⊂ L2(0, π) → W−2,2(0, π) : u 7→ −u′′,

dom(L∗) := {v ∈ L2(0, π) : v, v′ are absolutely continuous on (0, η), (η, ξ), (ξ, π),

v′(0) = 0, v(π) = 0,
v(ξ+) = v(ξ−)− v(0), v′(ξ+) = v′(ξ−),
v(η+) = v(η−), v′(η+) = v′(η−) + v′(π)}.

0 ξη π

v

(α,β)=(18.49,177.69)

0 ξη π

v

(α,β)=(69.39,14.29)

0 ξη π

v

(α,β)=(23.52,5.38)
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Asymptotes and Tangent Lines

√
β

√
α

I 〈|ϕ| , ϕD〉+ η 〈ϕ, ϕD〉 = 0,

where

Lϕ =
[
αχ

(
ϕ+

)
− βχ

(
ϕ−

)]
ϕ,

L∗ϕD =
[
αχ

(
ϕ+

)
− βχ

(
ϕ−

)]
ϕD.

I β′(α) =
η − 1

η + 1
,

where

η = −
〈|ϕ| , ϕD〉
〈ϕ, ϕD〉

.
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I 〈|ϕ| , ϕD〉+ η 〈ϕ, ϕD〉 = 0,

where

Lϕ =
[
αχ

(
ϕ+

)
− βχ

(
ϕ−

)]
ϕ,

L∗ϕD =
[
αχ

(
ϕ+

)
− βχ

(
ϕ−

)]
ϕD.

I β′(α) =
η − 1

η + 1
,

where

η = −
〈|ϕ| , ϕD〉
〈ϕ, ϕD〉

.
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Asymptotes and Tangent Lines

√
β

√
α

I α = β = λDN1 = λPξ2 =: λ,

〈|ϕ| , ϕD〉+ η 〈ϕ, ϕD〉 = 0,

(L− λI)ϕ = 0,

(L− λI)ψ = ϕ,

(L∗ − λI)ϕD = 0.

I S(ϑ) :=
η − 1

η + 1
, η = −

〈|zϑ| , ϕD〉
〈zϑ, ϕD〉

,

zϑ(x) = cosϑ ·ϕ(x) + sinϑ ·ψ(x).
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Asymptotes and Tangent Lines

√
β

√
α

I α = β = λDN1 = λPξ2 =: λ,

〈|ϕ| , ϕD〉+ η 〈ϕ, ϕD〉 = 0,

(L− λI)ϕ = 0,

(L− λI)ψ = ϕ,

(L∗ − λI)ϕD = 0.

I S(ϑ) :=
η − 1

η + 1
, η = −

〈|zϑ| , ϕD〉
〈zϑ, ϕD〉

,

zϑ(x) = cosϑ ·ϕ(x) + sinϑ ·ψ(x).

〈|zϑ| , ϕD〉 S(ϑ)

0 2πϑ
−2

−1

− 1
2

0
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Asymptotes and Tangent Lines

√
β

√
α

I α = β = λDN0 = λPη1 =: λ,

〈|ϕ| , ϕD〉+ η 〈ϕ, ϕD〉 = 0,

(L− λI)ϕ = 0, (L∗ − λI)ϕD = 0,

(L− λI)ψ = ϕ, (L∗ − λI)ψD = ϕD.

I S(ϑ, ω) :=
η − 1

η + 1
,η = −

〈|uϑ| , vω〉
〈uϑ, vω〉

,

uϑ(x) = cosϑ · ϕ(x) + sinϑ · ψ(x),

vω(x) = cosω · ϕD(x) + sinω · ψD(x).
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The Fučík Spectrum of the Adjoint Problem www.KMA.zcu.cz

Asymptotes and Tangent Lines
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(L− λI)ϕ = 0, (L∗ − λI)ϕD = 0,
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I S(ϑ, ω) :=
η − 1

η + 1
,η = −

〈|uϑ| , vω〉
〈uϑ, vω〉

,

uϑ(x) = cosϑ · ϕ(x) + sinϑ · ψ(x),

vω(x) = cosω · ϕD(x) + sinω · ψD(x).

〈|uϑ| , v0〉

S(ϑ, 0)

0 2πϑ
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0
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Asymptotes and Tangent Lines

√
β

√
α

I α = β = λDN0 = λPη1 =: λ,

〈|ϕ| , ϕD〉+ η 〈ϕ, ϕD〉 = 0,

(L− λI)ϕ = 0, (L∗ − λI)ϕD = 0,

(L− λI)ψ = ϕ, (L∗ − λI)ψD = ϕD.

I S(ϑ, ω) :=
η − 1

η + 1
,η = −

〈|uϑ| , vω〉
〈uϑ, vω〉

,

uϑ(x) = cosϑ · ϕ(x) + sinϑ · ψ(x),

vω(x) = cosω · ϕD(x) + sinω · ψD(x).

〈|u0| , vω〉

S(0, ω)

0 2πω

− 11
3

−1

− 3
11

0
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The Fučík Spectrum of L∗ - Numerical Experiment
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The Fučík Spectrum of the Adjoint Problem www.KMA.zcu.cz

Connection between the Fučík Spectra of L and L∗
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The Fučík Spectrum of the Adjoint Problem www.KMA.zcu.cz

Connection between the Fučík Spectra of L and L∗
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